In time division duplex (TDD) massive multiple-input multiple-output (MIMO) systems, pilot contamination seriously limits the improvement of spectral efficiency (SE). In order to provide good communication quality for every user, this paper devotes to enhance minimum spectral efficiency of the system. Firstly, a multi-cell multi-user system model is established to derive the objective function of Max-Min spectral efficiency. Through analysis of the mathematical expressions, we found that it is not a convex optimization problem for joint pilot allocation and power control, but a non-deterministic polynomial (NP) problem that is difficult to deal with. In order to solve the problem, a new algorithm is proposed to decompose the problem into two easy-to-handle sub-problems. We employ weight graph coloring (WGC) algorithm to deal with the sub-problem of pilot allocation, where uplink transmission power is fixed. The geometric programming (GP) approach is utilized to solve the sub-problem of power control, in which the largescale fading factor is fixed. Then the computational complexity of the proposed algorithm is analyzed. Compared with the ideal optimal solution algorithm that requires exhaustive search, our algorithm has much less computational complexity. Finally, the simulation results demonstrate that the proposed algorithm significantly improves the minimum spectral efficiency, which is close to the ideal optimal solution. INDEX TERMS Massive MIMO, convex optimization, spectral efficiency, geometric programming, pilot allocation, power control.
I. INTRODUCTION
Massive MIMO has become one of the key technologies of the fifth-generation networks (5G) due to the significant improvements on the performance of spectral efficiency, energy efficiency and link reliability [1] - [4] . The TDD mode is generally utilized in massive MIMO systems since it can facilitate channel estimation by the reciprocity of uplink and downlink channels in coherence time [5] . In TDD massive MIMO system, the reuse of orthogonal pilots is adopted to solve the problem of limited pilot resource. This strategy leads to interference among users in different cells using the same pilot, which is referred to as pilot contamination.
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Pilot contamination seriously affects the accuracy of channel estimation and transmission rate, which is recognized as the performance bottleneck of massive MIMO systems.
Pilot contamination has been widely studied in recent years. Some schemes optimize pilot design to mitigate pilot contamination [6] - [10] , in which intelligent scheduling of pilots is carried out according to channel gains of users and interference degree of pilots. The optimum matching relationship between users and pilots is desired with the goal of maximizing the total system capacity, thus reducing pilot contamination and improving system performance. However, these methods have high computational complexity, and further reduce the minimum spectral efficiency of the system. Some schemes adopt time-shift pilots to mitigate pilot contamination [11] , [12] . Firstly, the cells are classified, VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ and then the users of different types transmit pilots asynchronously in different time slots, which effectively improves the performance of the edge users with serious pilot contamination. However, asynchronous pilots will compress the transmission time, and reduce the number of active users. Furthermore, the two types of aforementioned schemes only consider pilot assignment, and do not deal with the power control of pilots and uplink data to alleviate pilot contamination. At present, there are a few studies based on power control [13] - [17] . In [13] , authors proposed a relative channel estimation error (RCEE) metric firstly, then a pilot power allocation (PPA) algorithm was proposed to improve channel estimation quality base on RCEE. Finally, the simulation results showed that the minimum spectral efficiency was improved compare with equal pilot allocation (EPPA) scheme. Although this method can achieve better performance, it does not consider power control of uplink data and pilot allocation, and not focused directly on spectral efficiency. So it has much room for improvement. Reference [14] proposed a disjoint pilot and data power allocation approach for maximizing the summation of spectral efficiency (sum SE) of massive MIMO systems. The approach was divided into two steps. The first step was to optimize pilot power based on minimizing the sum normalized mean squared error (NMSE) channel estimation, and the second step was to optimize data power based on maximizing sum SE directly. The simulation results showed that this method had better performance in channel estimation, sum SE and minimum achievable rate. But its optimization goal is the sum SE, not the max-min SE for communication fairness. In order to maximize the sum SE in celluar massive MIMO with varying user activity, a deep learning solution was exploited to perform joint pilot and data power control in [15] . Firstly, they proposed a iterative algorithm to find a stationary point, then a deep convolutional neural network (CNN), called Powernet, was designed and trained. Finally, power control coefficients could be obtained for varying number of users per cell by employing the PowerNet with the proposed algorithm. This method exploited deep learning for real-time power control with less performance loss in sum SE. They provided a idea for solving such non-convex joint optimization problems. Although the above two methods add the data power control, the influence of pilot allocation on system performance is still not considered. In [16] , [17] , they proposed a joint pilot design and uplink power allocation algorithm to optimize max-min spectral efficiency directly. In order to facilitate optimization, a pilot design where the pilot signals were treated as continuous variables was proposed. The algorithm can obtain significant gains with polynomial complexity. However, pilot sequences for users within the same cell is not orthogonal in the pilot design scheme. Thus, it can increase intra-cell interference compared with conventional orthogonal pilot design. Inspired by the aforementioned schemes and based on communication fairness, we propose a novel joint pilot allocation and uplink power control optimization algorithm to improve the minimum spectral efficiency. The algorithm decomposes the optimization problem into two subproblems: pilot allocation and power control. In order to solve the subproblem of pilot allocation, uplink transmission power is fixed firstly. Because the computational complexity of the subproblem is very high by exhaustive search pilot, we exploit weighted graph coloring algorithm in [18] to allocate pilot. In order to solve the subproblem of power control, the previous pilot allocation remains unchanged. So, the subproblem becomes a geometric programming problem that can be solved by convex optimization software such as MOSEK. Through solving two subproblems alternately, the minimum spectral efficiency can be increased with lower computational complexity.
Notation: Boldface lower and uppercase symbols represent column vectors and matrices, respectively. (·) T denotes the transpose of matrix. (·) H denotes the conjugate transpose of matrix. I K is the identity matrix of size K . C m×n is the set of m × n complex matrix. E{·} denotes expectation. CN (·, ·) stands for the circulary symmetric complex Gaussian distribution. O(·) denotes the order of complexity.
II. SYSTEM MODEL
We consider a multi-cell multi-user TDD massive MIMO system, which consists of L hexagonal cells. In each cell, the base station (BS) located in the center of the cell is equipped with M antennas and serves K single antenna users (K M ) distributed randomly in the cell. The channel gain h ijk from the k-th user in j-th cell to BS in i-th cell can be expressed as
where h ijk = h ijk1 , h ijk2 , · · · , h ijkM T ∈ C M ×1 is a column vector with M elements, the m-th element h ijkm denotes the sub-channel gain between the k-th user of the j-th cell and the m-th antenna of the i-th BS, the g ijk = g ijk1 , g ijk2 , · · · , g ijkM T ∈ C M ×1 is small-scale fading factor vector and distribution as CN (0, I M ). The β ijk denotes large-scale fading factor, which is a scalar and can be expressed as
where z ijk denotes shadow fading and logarithmic distribution as CN (0, σ 2 shadow ), the r ijk denotes the distance between the k-th user in the j-th cell and BS in the i-th cell, R denotes cell radius. The β ijk varies slowly and can be traced easily during transmission.
A. PILOT TRANSMISSION
In order to eliminate the intra-cell interference, the system uses orthogonal pilots for users in the same cell. At the same time, in order to increase the spectral efficiency, the full multiplexing pilots scheme is adopted among the cells. So the pilot sequences used in this system can be expressed as
Each user in each cell uses a column in as a pilot sequence, the length of this sequence is τ p . And different users in the same cell use different column vectors in the matrix . In the pilot transmission phase, the received pilot signals Y p i ∈ C M ×τ p by the i-th BS can be represented as
where ρ p jk denotes the k-th user of j-th cell transmitting pilot power. N p i ∈ C M ×τ p is the additive white Gaussian noise with distribution as CN (0, σ 2 p I M ).
B. CHANNEL ESTIMATION
When BS receives pilot signals from users, the BS can estimate channel information by least square (LS) or minimum mean squared error (MMSE) method. When LS method is used, the channel estimationĥ LS iik between the k-th user of i-th cell and the i-th BS can be expressed aŝ
According to Theorem 11.1 of [21] and with the help ofĥ LS iik , the expression of the MMSE estimationĥ MMSE iik can be given asĥ
By substituting (4) into (5), we obtain
C. UPLINK DATA TRANSMISSION
In the uplink data transmission phase, the received uplink data y u i ∈ C M ×1 by the i-th BS can be obtained as
where ρ u jk denotes the uplink data transmission power of the k-th user in the j-th cell, x u jk denotes the uplink data symbol of k-th user in the j-th cell and with E{|x u jk | 2 } = 1, n u i denotes additive white Gaussian noise during the uplink data transmission phase and distributed as CN (0, σ 2 u I M ).
D. MATCHED FILTER (MF) DETECTION
After BS receives the uplink data from users, signal detection is performed for recovery of original data. Herein, matched filter detection is carried out in the BS according to received signals y u i and channel estimationĥ iik . The detected datax u ik can be obtained in (8) , as shown at the bottom of this page. Where the first term denotes desired signal, the second term represents intra-cell interference, the third term denotes the sum of inter-cell interference and other non-correlated noise is expressed in the fourth term.
E. UPLINK SPECTRAL EFFICIENCIES
According to (8) , The effective uplink signal to interference plus noise ratio SINR u ik of the k-th user in the i-th cell can be derived in (9) , as shown at the bottom of this page.
According to Theorem 1 in [13] , the close-form expression SINR u ik can be obained in the (10) , as shown at the bottom of this page, for both LS and MMSE channel estimation, as shown at the bottom of this page. The proof of the expression is given in the appendix.
Interestingly, the expression of SINR u ik is the same for LS and MMSE channel estimation. From (6), we know that the MMSE channel estimation is multiplied by a factor based on the LS. For derivation of (9), denominator and numerator are multiplied by this common factor for MMSÊ
channel estimation, which is divided out. So the result is the same as LS channel estimation. This conclusion is consistent with [13] . Moreover, the first term of denominator and numerator increase with the increase of M , but the second term of denominator is independent of M . When M → ∞, the (10) can be represented as
In massive MIMO, hundreds or thousands of antennas are deployed at the BS, each BS serves only about ten users. Hence, the second term of denominator is much smaller than the first term and numerator in (10) . Thus, the (10) can be approximated as
Accordingly, the spectral efficiency SE u ik of the k-th user in the i-th cell can be expressed as
where µ = τ p/ τ c denotes the uplink spectral efficiency loss of the k-th user in the i-th cell, τ c is the uplink coherence time interval.
III. PROPOSED OPTIMIZATION SCHEME
The purpose of this paper is to enhance minimum spectral efficiency of the system, that is to say, to improve the minimum uplink achievable rate. It can improve communication quality for users with serious pilot contamination at the edge of the cell. Therefore, the problem can be expressed as max min SE u ik , ∀i, k.
According to (13) and the properties of logarithmic function, the optimization problem can be converted to max min SINR u ik , ∀i, k.
Then, according to (12) , the problem can be formulated as
In addition, considering linear range of transmit power amplifier, the transmission power of pilot and the uplink data should be limited within a certain range. That is to say, the maximum uplink transmission power should not exceed V H , and the minimum should not be less than V L . V H is related to the saturation power of the amplifier, and V L is related to the cut-off power of the amplifier [19] . Then, the optimization problem in this paper can be represented as
From (17), it is found that spetral efficiency depends on pilot power, uplink data power and large scale fading factor. Where β iik and β ijk denote the large scale fading factor between the i-th BS and users that use the same pilot sequence ψ k in the i-th and j-th cell respectively. They are determined by pilot allocation in the system. Therefore, problem P1 is a joint optimization problem of discrete pilot allocation and continuous uplink transmission power control. Obviously, it is not a convex optimization problem. In order to solve this problem, this paper decomposes the problem into two subproblems and optimizes the two problems alternately.
A. PILOT ALLOCATION
In this subsection, we will engage in solving pilot allocation problem to maximize the minimum spectral efficiency for a given set of uplink transmission power at all users. Thus, the problem P1 is converted to
When all transmission powers of uplink data are equal (i.e. ρ u ik = ρ u jk ∀i, k), (18) can be rewritten as
When all uplink transmission powers are equal (i.e. ρ u ik = ρ u jk , ρ p ik = ρ p jk ∀i, k), (19) can be further simplified as
So problem P2 is only a pilot allocation optimization. In multi-cell massive MIMO system, if exhaustive search is used to allocate pilot according to (18) , it will be difficult to achieve practical real-time processing due to require a lot of computing time. In order to solve this sub-problem, we adopt Weight Graph Coloring algorithm in [18] . The main idea of this algorithm is to measure the potential mutual interference metric between any two users with the same pilot in different cells firstly. The metric can be expressed as
Secondly, an edge-weighted interference graph (EWIG) is constructed based on this metric. Finally, pilot allocation is performed in a greedy way according to EWIG. Details of the algorithm can be found in [18] . It should be noted that we take into account the influence of uplink transmission power in the measurement formula (21) , which is different from [18] . In [18] , the inter-cell interference metric is represented as
Base on (21), we can easily integrate the idea of WGC into the proposed algorithm for joint optimization of pilot allocation and power control.
B. POWER CONTROL
In this subsection, we will engage in solving the power control problem. After the optimization of pilot allocation, we will perform optimization of uplink transmission power. In this step, all β iik and β ijk in (17) are fixed according to the results of the previous step. Then, (17) can be rewritten as
Obviously, the sub-problem P3 of power control optimization is a geometric programming (GP) problem [20] . This problem can be easily solved by using interior point method via MOSEK.
C. PROPOSED ALGORITHM
Based on above two subproblems, we propose an iterative algorithm. Detailed description of the proposed WGC-PD-UPC algorithm is provided in Algorithm 1. In order to avoid falling into local optimum, we first carry out equal power pilot allocation according to (20) . Then an iteration process is executed. In each iteration, two sub-problems are solved alternately. After the iteration is completed, the optimal value is obtained.
Apply the WGC algorithm to obtain the pilot allocation pattern P
A for equal uplink transmission power. 2: i ← 1; 3: while i < T do 4: Fix β iik and β ijk in (20) according to P
5:
S(i) ← ξ (i) ; 6: i ← i + 1;
7:
Fix uplink transmission power based on the results of step 4, apply the WGC algorithm to update the pilot allocation pattern P (i)
IV. NUMERICAL RESULTS

A. SIMULATION SETUP AND EXPLANATIONS
For the convenience of numerical analysis, we give a brief description of the algorithm proposed in this paper and some other algorithms related to it. a) RPA: The algorithm assigns pilots randomly. The powers of pilots and data transmitted by each user are equal.
b) WGC-PD: The pilot assignment algorithm is adopted in [18] . c) ESPA: The algorithm chooses the optimal pilot assignment by exhaustive search according to (20) . d) RPA-PPC: The algorithm only optimizes the pilot power according to the power control optimization method described in subsection B of Section III. Pilot assignment is random in this algorithm. e) WGC-PD-PPC: The algorithm is similar to WGC-PD-UPC. The only difference from WGC-PD-UPC is that the WGC-PD-PPC does not perform uplink data power control optimization.
f ) ESPA-PPC: This algorithm is completed in two steps. In the first step, ESPA algorithm is used for pilot assignment. The second step is to optimize the uplink pilot power using RPA-PPC algorithm, where the large-scale fading factor is fixed according to the first step. g) RPA-UPC: Compared with RPA-PPC algorithm, the algorithm optimizes both pilot power and uplink data transmit power by geometric programming.
h) WGC-PD-UPC: The algorithm is proposed in the paper. We have elaborated on it in Section III.
i) ESPA-UPC: Compared with ESPA-PPC algorithm, the only difference is that the ESPA-UPC employs RPA-UPC in the second step, not RPA-PPC. j) ideal optimal solution: The algorithm combines exhaustive search with geometric programming to solve the optimization problem of (17). This method exhaustively searches all pilot allocation patterns. GP is used to optimize power control for each pilot pattern. Then the optimum pilot pattern and corresponding power are selected according to the objective function of (17) .
Monte Carlo simulation experiments are carried out in the same simulation environment for all the above algorithms, the number of experiments is set to N = 10000. Since the objective function of (23) is a fractional form, in order to facilitate calculation, the power of the transmitted signal in the simulation experiment is normalized by the maximum power V H . In this paper, V H = 1 and V L = 0.3 are set in the simulation. Other parameter settings are detailed in TABEL 1. Fig.1 shows the cumulative distribution function (CDF) curves of the minimum spectral efficiency, where the number of cells is set to L = 3 and the number of users in each cell is set to K = 4. The following conclusions can be drawn from Fig.1 . (1) Random pilot assignment (RPA) without pilot allocation and power control optimization has the worst performance. After employing WGC-PD algorithm to optimize pilot allocation, the performance has been greatly improved. Although the performance of pilot allocation optimization using ESPA algorithm is slightly better than that of WGC-PD algorithm, it is difficult to use ESPA algorithm in practical application because of its high computational complexity.
B. PERFORMANCE ANALYSIS
(2) There are three algorithms: RPA-PPC, WGC-PD-PPC and ESPA-PPC, which optimize pilot power control based on RPA, WGC-PD and ESPA respectively. It can be found that the performance has been greatly improved compared with the corresponding algorithm without pilot power control optimization.
(3) There are three algorithms: RPA-UPC, WGC-PD-UPC and ESPA-UPC, which can further improve the performance due to uplink data power control optimization that is not taken into consideration in RPA-PPC, WGC-PD-PPC and ESPA-PPC. Compared with RPA-UPC, the WGC-PD-UPC and ESPA-UPC has increased 2.372b/s/Hz and 2.111b/s/Hz in terms of average minimum spectral efficiency respectively. These results indicate that pilot allocation, pilot power and uplink data power control should be optimized to maximize the minimum spectral efficiency.
(4) ESPA algorithm is better than WGC-PD algorithm in the performance of the minimum spectral efficiency, and the average gap is 0.575b/s/Hz. ESPA-PPC algorithm is better than WGC-PD-PPC algorithm, and the average gap is only 0.174b/s/Hz. The results show that the performance improvement caused by ergodic pilot is almost eliminated after the pilot power optimization, and ergodicity will take a lot of time to calculate. But WGC-PD-UPC algorithm is better than ESPA-UPC algorithm, and the average gap is 0.219b/s/Hz. This result is caused by alternating iterations in the WGC-PD-UPC algorithm.
(5) The performance of WGC-PD-UPC algorithm proposed in the paper is close to ideal optimal solution algorithm, and the average gap is only 0.243b/s/Hz. In fact, the performance of ideal optimal solution algorithm is an ideal optimization scheme, but its computational complexity is very high. The comparison and analysis of computational complexity of these algorithms are detailed in subsection C of Section IV. In a word, WGC-PD-UPC algorithm is quite efficient and feasible. Fig.2 describes the minimum spectral efficiency variation with the increase of users in the cell under different algorithms. Form Fig.2 , we have the following conclusions.
(1) When the number of users is larger than four, the superiority of performance is sorted by WGC-PD-UPC>WGC-PD-PPC>WGC-PD>RPA-UPC>RPA-PPC > RPA. When the number of users equals to 8, compared with RPA algorithm, WGC-PD-UPC, WGC-PD-PPC, WGC-PD, RPA-UPC, RPA-PPC increases 4.551b/s/Hz, 3.757b/s/Hz, 2.153b/s/Hz, 1.154b/s/Hz and 0.494b/s/Hz respectively. The results show that with the increase of the number of users, the trend is the same, WGC-PD-UPC is still the best solution.
(2) With the increase of the number of users, the performance of WGC-PD-UPC,WGC-PD-PPC and WGC-PD is getting better and better. The performance of RPA-UPC, RPA-PPC and RPA is getting worse and worse. This leads to a widening performance gap. When the number of users increases from 2 to 8, the performance gap between WGC-PD-UPC and RPA has broaden from 3.126b/s/Hz to 4.551b/s/Hz. These results can be obtained by analyzing (13) and (17) . As the number of users increases, the loss µ of spectral efficiency in (13) increases accordingly. So, when random pilot assignment is used, the minimum spectral efficiency will decrease gradually. After the pilot allocation optimization is carried out, although µ will still increase with the number of users, the large-scale fading factor β ijk of each subterm in (17) is relatively smaller, so the minimum spectral efficiency will gradually increase.
In Fig.3 , we investigate the convergence of the proposed WGC-PD-UPC algorithm for a set of channel realization. The figure shows that the proposed algorithm will converge to a stable state after a finite iterations. And the maximum value in these iterations is close to the result of the ideal optimal solution algorithm. Moreover, since the algorithm iterates alternately for two sub-problems, it may converge to two stable values as shown in channel 2 of Fig.3 .
To further illustrate the superiority of the proposed algorithm, Fig.4 gives proper reference to the benchmarks which are proposed in the previous works. In these schemes, smart pilot assignment (SPA) scheme [6] and weightedgraph-coloring based on pilot decontamination (WGC-PD) scheme [18] are pilot allocation optimization schemes, the pilot power allocation (PPA) scheme [13] is a only pilot power optimization scheme, disjoint pilot-data power allocation (DPDPA) scheme and joint pilot-data power allocation (JPDPA) scheme are the powers of pilot and uplink data optimization scheme which were proposed in [14] . In Fig.4 , the schemes marked as LS and MMSE represent employ LS and MMSE channel estimation respectively, the DPDPA scheme marked as pilot only denotes using pilot power control only. For a fair comparison, the maximum of pilot and data powers for every user is set to V H = 300mW , the minimum of pilot and data powers for every user is set to V L = 90mW , the total pilot power budget in every cell for PPA scheme is set to P = K V L +V H 2 = 570mW . Fig.4 shows the CDF of minimum spectral efficiency for these schemes. Illustrations for Fig. 4 is as follow. (1) In Fig.4 , according to the performance of minimum spectral efficiency, all schemes are sorted as WGC-PD-UPC>WGC-PD>SPA>DPDPA-LS >JPDPA >DPDPA-LS (pilot only)>DPDPA-MMSE>PPA-LS>PPA-MMSE> DPDPA -MMSE(pilot only)>RPA. The proposed WGC-PD-UPC in the paper is the highest, and the worst is RPA. Compared with RPA, the average minimum spectral efficiency of the WGC-PD-UPC algorithm is up to 4.5397b/s/Hz higher than that of RPA. Even for the second WGC-PD, the WGC-PD-UPC algorithm is higher than 2.5683b/s/Hz. These results show that the performance of the WGC-PD-UPC algorithm is better than that of other existing schemes.
(2) Both pilot allocation optimization and power control can improve the minimum spectral efficiency. The power control of both pilot and uplink data have better performance than that of pilot power control optimization only. Compared with DPDPA-LS(pilot only) and PPA-LS, the DPDPA-LS scheme is 0.3031b/s/Hz and 0.6406b/s/Hz higher than them in terms of average minimum spectral efficiency. Similarly, the DPDPA-MMSE scheme outperforms the others with 0.2425b/s/Hz higher than DPDPA-MMSE(pilot only), 0.1269b/s/Hz higher than PPA-MMSE.
(3) Regardless of DPDPA and DPDPA (pilot only) or PPA, LS channel estimation is always better than MMSE in the performance of the minimum spectral efficiency. As can be seen from Fig.4 , the gap of DPDPA-LS and DPDPA-MMSE is the largest, the gap of DPDPA-LS (pilot only) and DPDPA-MMSE (pilot only) is relatively small, and the curves of PPA-LS and PPA-MMSE almost coincide because the gap of between them is the smallest. In terms of average minimum spectral efficiency, DPDPA-LS is higher than DPDPA-MMSE by 0.5344b/s/Hz, DPDPA-LS (pilot only) is higher than DPDPA-MMSE (pilot only) by 0.4738b/s/Hz, and PPA-LS is only higher than PPA-MMSE by 0.0207b/s/Hz. This is because LS channel estimation treat co-channel interference as noise based on the sum NMSE of channel estimation errors in DPDPA or RCEE metric in PPA, which will allocate more pilot power to users with bad channel quality. This helps to improve the minimum spectral efficiency of the system.
(4) For two algorithm based on pilot allocation in Fig.4 , the WGC-PD algorithm is 0.3604b/s/Hz higher than SPA. This shows that WGC-PD algorithm is a better scheme for pilot assignment.
C. COMPLEXITY ANALYSIS
It is obvious that the optimization problem contains 2KL + 1 optimization variables and 5KL constraints from formula (23). According to [17] , the order of computational complexity of the RPA-UPC algorithm can be expressed as
Accordingly, the order of computational complexity of RPA-PPC algorithm can be expressed as
According to [9] , the order of the computational complexity of WGC-PD algorithm is O K 4 L 3 . For proposed WGC-PD-UPC algorithm, WGC-PD and RPA-UPC algorithm are employed to solve pilot allocation and power control by iteration. Therefore, the computational complexity of this algorithm is obtained as
where I denotes the number of iterations.
For the computational complexity of ESPA algorithm, we can easily get O (K !) L−1 .
Since all the algorithms involved in Fig.1 are the combinations of the above algorithms, the order of their computational complexity can be summarized as shown in TABEL 2.
For comparison, we take a typical multi-user multi-cell massive MIMO system as an example, where the system parameters are set to K = 8 and L = 7. And the number of iterations is set to I = 5 in the WGC-PD-PPC and WGC-PD-UPC algorithms. Through the analysis of TABEL 2, we can draw the following conclusions.
(1) The complexity of above algorithm is sorted from small to large. The result is RPA
(2) For ESPA, ESPA-PPC, ESPA-UPC, ideal Optimal Solution, these four algorithms need to ergodic pilots, although they can achieve better performance of minimum spectral efficiency, it takes a lot of time to calculate. In terms of minimum spectral efficiency, the proposed WGC-PD-UPC algorithm is better than that of ESPA-UPC, and is close to ideal optimal solution, and is far better than that of ESPA and ESPA-PPC algorithm. But the computational complexity of our algorithm is very low compared with the other four algorithms. By calculation, the computational complexity of ESPA, ESPA-PPC and ESPA-UPC algorithm is about 1.7254 × 10 20 times that of our algorithm, while the ideal optimal solution algorithm is as high as 6.169 × 10 26 times that of our algorithm.
(3) Although the complexity of the proposed WGC-PD-UPC algorithm is slightly higher than that of others without ergodic pilots, their computational complexity is of the same order of magnitude, and the performance of WGC-PD-UPC algorithm is the best among them. That is to say, the proposed algorithm achieve greater performance improvement with only a little more time overhead.
V. CONCLUSION
We derive closed-form expressions for the ergodic and asymptotic uplink signal to interference plus noise ratio (SINR). According to the asymptotic expression, a max-min SE optimization problem has been formulated with power constraints. We propose a joint pilot allocation and power control optimization algorithm for finding an optimal solution of the problem. We compare the performance of some schemes on minimum spectral efficiency to verify the superiority of the proposed algorithm. Numerical results indicate that the performance of our algorithm is better than that of other existing schemes and close to the ideal optimal solution. We further compare the computational complexity of the proposed and other related algorithms. The results show that our algorithm is much lower than algorithms based on exhaustive search and slightly higher than algorithms without exhaustive search.
APPENDIX
Because the derivation of SINR u ik for LS and MMSE channel estimation is similar, only the proof of SINR u ik for LS channel estimation is provided here. The numerator term E 1 of (9) is calculated as
For the convenience of calculations, we divide the first term E 2 of denominator in (9) into two terms. Therein, the first term E 21 of E 2 denotes that theĥ H iik is correlated with h ijk , the second term E 22 of E 2 denotes that theĥ H iik is uncorrelated with h ijk when k = k. The E 2 is reformulated as
Substituting (4) into E 21 , we can obtain
By utilizing the properties of uncorrelated channels, the first term E 211 of E 21 can be calculated as
The second term E 212 of E 21 is further decomposed into E 2121 and E 2122 terms according to the channels are independence or not. Thus, the E 212 can be expressed as
The E 2121 can be given as
By Lemma 2.9 of [22] , the E 2122 can be computed as
Consequently, the E 212 can be rewritten as
According to the non-correlation between noise and channel, the E 213 is computed as 
In (37), the E 22 is decomposed into E 221 , E 222 and E 223 terms. Correspondingly, the E 221 , E 222 and E 223 can be obtained by (38), (39), (40) separately. Their expressions are showned as
Therefore, the E 22 can be derived as In the same way as E 2 , the third term E 3 of denominator in (9) can be given as (9), we can get the closed-form expression of SINR u ik , as shown in (10) . 
